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Abstract
We demonstrate that superpositions of coherent and displaced Fock states, also referred to
as generalized Schro¨dinger cats cats, can be created by application of a nonlinear displacement
operator which is a deformed version of the Glauber displacement operator. Consequently, such
generalized cat states can be formally considered as nonlinear coherent states. We then show that
Glauber-Fock photonic lattices endowed with alternating positive and negative coupling coefficients
give rise to classical analogs of such cat states. In addition, it is pointed out that the analytic
propagator of these deformed Glauber-Fock arrays explicitly contains the Wigner operator opening
the possibility to observe Wigner functions of the quantum harmonic oscillator in the classical
domain.
PACS numbers: 42.50.Ct, 42.50.-p, 42.50.Pq, 42.50.Dv
1
ar
X
iv
:1
51
1.
06
92
3v
1 
 [q
ua
nt-
ph
]  
21
 N
ov
 20
15
I. INTRODUCTION
Since the invention of the laser, the generation and manipulation of quantum sates of light
have been subjects of extensive investigations [1–3]. In quantum optics, noise fluctuations
of coherent states (CS) are referred to as the quantum limit and therefore they establish the
boundary between classical and quantum sates [4, 5]. Along those lines, there exist several
nonclassical states which exhibit lower noise fluctuations than CS. Among them one may
mention squeezed states [4] and nonlinear CS [6]. These latter states are a generalization
of the standard CS originally introduced by Glauber [7, 8]. In this regard, Man’ko et al.
[6] introduced nonlinear CS as the eigenstates of a deformed annihilation operator Aˆ =
aˆf(nˆ), where f (nˆ) = f
(
aˆ†aˆ
)
represents an arbitrary function of the number operator of the
harmonic oscillator, and aˆ† and aˆ are the creation and annihilation operators, respectively.
Accordingly, nonlinear CS are generated from the vacuum state by the action of the nonlinear
displacement operator DˆNL (α) = exp(αAˆ
† − α∗Aˆ)
|α〉NL = DˆNL (α) |0〉. (1)
where α is a complex number. More generally, when considering Fock states, |k〉, as initial
states in Eq. (1), we expect to produce nonlinear displaced Fock states (DFS). The aim of
this work is to show that a particular choice of the function f(nˆ) for the operators Aˆ and
Aˆ† give rise to superpositions of either CS or DFS, depending on whether the vacuum or a
number state is initially excited. In the quantum optics literature, superpositions of CS are
referred to as Schro¨dinger cat states [4]. At the same time DFS are considered a general-
ization of CS, and in that vein superpositions of DFS can be considered a generalization of
Schro¨dinger cat states [4, 9, 10].
As a second part of our work, we describe the possibility to optically emulate such cat
states using a deformed version of the so-called Glauber-Fock photonic lattices [11]. Fur-
thermore, we show that the analytic propagator of the deformed Glauber-Fock lattices can
be written in terms of the Glauber displacement operator and the Wigner operator [12]. As
a result, light fields propagating through these types of lattices will feature properties akin
to Wigner functions of the quantum harmonic oscillator.
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II. GENERALIZED SCHRO¨DINGER CAT STATES AS NONLINEAR COHER-
ENT STATES
In order to generate nonlinear coherent states directly from Eq. (1), we consider the
deformed annihilation and creation operators
Aˆ = (−1)nˆaˆ, Aˆ† = aˆ†(−1)nˆ, (2)
with (−1)nˆ representing the photon-number parity operator [4, 13]. After a close inspection
of these operators one finds that the commutator [Aˆ, Aˆ†] = 1. This in turn allows us to
disentangle the nonlinear displacement operator DˆNL (α) according to the Baker-Hausdorff
formula [12]
DˆNL (α) = exp
(−|α|2/2) exp(αAˆ†) exp(−α∗Aˆ) . (3)
Expanding in Taylor the exponentials
exp
(
−α∗ (−1)nˆ aˆ
)
= cos (α∗aˆ) + sin (α∗aˆ) (−1)nˆ ,
exp
(
αaˆ† (−1)nˆ
)
= cos
(
αaˆ†
)
+ sin
(
αaˆ†
)
(−1)nˆ , (4)
one can show that the displacement operator Eq. (3) can be written in terms of the usual
Glauber displacement operator Dˆ (iα) [4]
DˆNL (α) =
1
2i
[
Dˆ (iα)− Dˆ† (iα)
]
(−1)nˆ
+
1
2
[
Dˆ (iα) + Dˆ† (iα)
]
. (5)
Operating with DˆNL (α) on a system prepared in a pure Fock state |k〉, we drive the system
to evolve into a superposition of two DFS separated in phase
|α〉NL =
exp
(
−i (−1)k pi/4
)
√
2
|iα, k〉
+
exp
(
i (−1)k pi/4
)
√
2
|−iα, k〉. (6)
For clarity, we remind that DFSs are obtained by applying the Glauber displacement op-
erator to any number state: Dˆ (α) |k〉 = |α, k〉 [4]. In this manner, for the particular case
when the system starts in the vacuum state, |0〉, the system develops into a superposition
3
of two CSs
|αNL〉 = exp (−ipi/4)√
2
|iα〉
+
exp (ipi/4)√
2
|−iα〉. (7)
On the other hand, the action of DˆNL (α) over a DFS, |ψ(0)〉 = |β, k〉, forces the system to
evolve into a superposition of four DFSs
DˆNL (α) |β, k〉 = exp (−iRe (αβ∗))
[
|−iα + β, k〉 − i (−1)k |iα− β, k〉
]
/2
+ exp (iRe (αβ∗))
[
|iα + β, k〉+ i (−1)k |−iα− β, k〉
]
/2, (8)
where Re (x) indicates real part. Correspondingly, when the system starts in a CS, |ψ(0)〉 =
|β〉, it is straightforward to see that Eq. (8) reduces to a superposition of four CSs. These
results demonstrate the possibility of generating high order superpositions of DFSs as well
as CSs by constructing a deformed version of the Glauber displacement operator DˆNL (α).
Moreover, since superpositions of coherent as well as displaced Fock states are created by
distorting the usual creation and annihilation operators, these superposition of states, Eq.
(7) and Eq. (8), can be formally considered as nonlinear coherent states [6]. For a full
analysis and description of nonlinear CSs we refer to [6].
Before considering the classical emulation of Schro¨dinger cat states, it is important to note
that deformations implemented via the parity photon-number operator, (−1)nˆ, could be
realized experimentally using schemes from quantum optical metrology [13].
III. CLASSICAL EMULATION OF SCHRO¨DINGER CAT STATES USING
GLAUBER-FOCK PHOTONIC LATTICES
In this section we show how to model generalized Schro¨dinger cat states using waveguide
arrays. In general, classical and non-classical light beams traversing periodic and nonperiodic
waveguide lattices exhibit discrete diffraction which is a direct byproduct of the optical tun-
neling occurring between different lattice sites [14–16]. Hence, by controlling the evanescent
coupling between adjacent waveguide elements, as well as the local propagation constants,
one can mold the light dynamics in order to perform specific physical processes [17]. In this
regard, many innovative waveguide schemes have been implemented in order to classically
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FIG. 1: Theoretical results for single input excitation using a Glauber-Fock lattice of 60 waveguides
and parameter g = 1. Intensity evolution when the zeroth (a) and third (c) waveguides are excited.
In these photonic arrays the states of the harmonic oscillator are mapped onto the lattice sites,
and the lattice itself plays the role of the deformed displacement operator. As a result, the field
distributions can be considered as the classical analogs of the Schro¨dinger cat states (left) and the
third generalized Schro¨dinger cat state (right) of the quantum harmonic oscillator.
emulate interesting quantum phenomena [18, 19]. These are for instance displaced Fock
states [20], PT-symmetric quantum systems [21], observations of geometric phases [22], and
massless Dirac particles [23]. In the latter case, an optical analogue of relativistic massless
Dirac particles was accomplished by using uniform waveguide lattices with alternating pos-
itive and negative coupling coefficients. To our knowledge, periodic waveguide structures
with negative coupling coefficients were first considered theoretically in a classical context
by Efremidis [24].
Concurrently, in the quantum realm waveguide configurations have also played an important
role in the development of modern quantum communication schemes [25], sensing systems
[5], as well as for engineering photonic quantum circuits [26] to achieve perfect transfer of
quantum states [27, 28], quantum fractional Fourier transforms [29], and quantum random
walks [30].
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FIG. 2: Evolution of a coherent state |β〉, with average photon number 〈nˆ〉 = 50, in a deformed
Glauber-Fock lattice having 150 waveguides and g = 1. A coherent state, which is described by a
Poissonian intensity distribution, splits into two Poisson distributions along evolution. From Eq.
(15) we infer that each distribution is composed by two out of phase Poisson distributions.
In order to show how to emulate superpositions of CS and DFS using photonic waveguide
lattices, we consider the Schro¨dinger equation
i
d|ψ(z)〉
dz
+ Hˆ|ψ(z)〉 = 0, (9)
with the Hamiltonian given by Hˆ = g(aˆ†(−1)nˆ + (−1)nˆaˆ), g being an arbitrary con-
stant, (−1)nˆ the photon-number parity operator [4], and z is the propagation distance.
Hence, expanding the wave function |ψ(z) as a superposition of number states, |ψ(z)〉 =∑∞
n=0En(z)|n〉, using the properties of the annihilation and creation operators, aˆ|n〉 =√
n|n− 1〉 and aˆ†|n〉 = √n+ 1|n+ 1〉, and the orthonormality of the number states,
〈m|n〉 = δm,n, we obtain a semi-infinite set of coupled differential equations for the transition
probability amplitudes
6
FIG. 3: Bottom: initial intensity profile corresponding to the second displaced Fock-state |β, 2〉
with an ”average photon-number” of 〈nˆ〉 = 50. Center: intensity evolution of such classical dis-
placed Fock-state. Top: Output intensity showing a superposition of DFS. The evolution is calcu-
lated using a deformed Glauber-Fock lattice of 4cm long with 160 waveguides and g = 1.
i
dE0
dz
+ gE1 = 0,
i
dEm
dz
+ g(−1)m
(√
m+ 1Em+1 −
√
nEm−1
)
= 0, (10)
where m ∈ [0,∞).
Some previous studies have demonstrated that equations of the type given in Eq. (10)
can be used to model light dynamics in the so-called Glauber-Fock photonic lattices [20].
Unlike normal Glauber-Fock lattices, in the present case we have an extra term (−1)m,
which indicates that these lattices must be endowed with alternating positive and negative
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coupling coefficients apart from the square root law distribution [11, 31].
Note that in the quantum realm Em(z) = 〈m| exp
(
izHˆ
)
|Ψ (0)〉 represents the transition
probability amplitude for a system initially prepared in state |Ψ (0)〉 to populate the number
state |m〉. In the classical case of Glauber-Fock arrays, Em(z) represents the optical field
amplitude at waveguide m after a propagation distance z when the initial field distribution
|Ψ (0)〉 is launched at z = 0 [11, 20]. To experimentally realize such photonic arrays, it is
necessary to impose a square root law distribution plus an extra phase shift in the coupling
coefficients. The physical realization of negative couplings is nowadays possible by inducing
a longitudinal modulation of the refractive index of the waveguides as indicated in reference
[32].
Direct integration of Eq. (9) renders the lattice evolution operator
U(z) = exp
(−igz[aˆ†(−1)nˆ + (−1)nˆaˆ]) , (11)
which is identical to the deformed displacement operator given in Eq. (1) provided α = −igz.
In order to explore the light dynamics in these types of arrays, we consider the Green function
Em (z) = 〈m|U(z)|k〉, which gives the field amplitude at channel m upon excitation of site
k. For sites laying to the left of the excited channel, m ≤ k, we obtain the expressions
Em (z) =
1√
2
√
m!
k!
exp
(−θ2/2)Lk−mm (θ2)
×
 exp(−ipi/4)θk−m + exp(ipi/4) (−θ)
k−m , k = odd,
exp(ipi/4)θk−m + exp(−ipi/4) (−θ)k−m , k = even.
, (12)
whereas for for sites at the right, m ≥ k, we have
Em (z) =
1√
2
√
k!
m!
exp
(−θ2/2)Lm−kk (θ2)
×
 exp(ipi/4)θm−k + exp(−ipi/4) (−θ)
m−k , k = odd,
exp(−ipi/4)θm−k + exp(ipi/4) (−θ)m−k , k = even.
(13)
Here θ = gz and Lmk (θ) represents the associated Laguerre polynomials. A detailed
derivation of Eq. (12) and Eq. (13) is given in the Appendix.
In a normal non-deformed Glauber-Fock photonic lattice [11, 19, 20], excitation of the
0-th waveguide produces intensity patterns reminiscent to the probability distribution of
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coherent states. Moreover, when exciting any other site |k 6= |0, the intensity resembles
the probability distribution of the k-th displaced Fock state [33]. Correspondingly, in the
present case, Eq. (7) (Eq.8) indicates that excitation of the ”vacuum” state |0〉 (”number”
state |k〉) will produce field amplitudes which are build up of a superposition of two Poisson
(displaced Fock) distributions in the waveguide number. The Poisson superpositions become
apparent by considering k = 0 in the analytic solutions Eq. (12) and Eq. (13)
Em(z) =
exp(−ipi/4)√
2
exp
(
−(gz)
2
2
)
(gz)m√
m!
+
exp(ipi/4)√
2
exp
(
−(gz)
2
2
)
(−gz)m√
m!
. (14)
To illustrate these effects, in Figure (1.a) we show the theoretically calculated intensity evo-
lution when the 0th waveguide is initially excited in a deformed Glauber-Fock lattice of 60
waveguides and g = 1. For the case when any other site k 6= 0 is excited, the field ampli-
tudes become a superposition of two ”displaced Fock states” [33] separated in phase, the
field amplitudes are given by Eq. (12) and Eq. (13). In Fig.(1.c) we present the propagation
dynamics when the third ”Fock state” is initially excited.
In the previous section we pointed out that application of the deformed displacement opera-
tor to DFSs produces high order superpostions of DFSs. As a result, deformed Glauber-Fock
lattices are expected to give rise optical field profiles entirely analogous to such DFSs super-
positions, provided we excitate the system with discrete wave packets featuring amplitudes
akin to DFSs, |ψ(0)〉 = |β, k〉. Hence, assuming such initial field for deformed Glauber-Fock
lattices we obtain a superposition of four DFSs with equal amplitude and different phase
|ψ (z)〉 = exp (igzIm (β))
2
(
|−gZ + β, k〉 − i (−1)k |gz − β, k〉
)
+
exp (−igzIm (β))
2
(
|gz + β, k〉+ i (−1)k |−gz − β, k〉
)
, (15)
where Im (β) indicates imaginary part, see Eq. (8). Similarly, for the case when the lattice is
excited with a ”coherent state” wavepacket, |ψ(0)〉 = |β〉, Eq. (15) reduces to a superposition
of four ”coherent states”
|ψ (z)〉 = exp (igzIm (β))
2
(|−gz + β〉 − i|gz − β〉)
+
exp (−igzIm (β))
2
(|gz + β〉+ i|−gz − β〉) . (16)
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In Figs.(2) and (3) we show the intensity evolution for a coherent and a displaced Fock
state, respectively. In both cases, we observe two counterpropagating beams each of which
are build up of two CS (Fig. (2)) and two DFS (Fig. (3)), as predicted by Eq. (15) and Eq.
(16). Certainly, the splitting of the initial CS (DFS) into four CS (DFS) can be thought of
as optical analogues of generalized Schro¨dinger cat states.
IV. WIGNER FUNCTIONS IN DEFORMED GLAUBER-FOCK LATTICES
Among many representations of quantum states, Wigner functions offer the possibility
of describing nonclassicality using the well-established concept of phase space [4]. In this
regard, here we show that Wigner functions of Fock states and CS can be observed by
using the evolution operator associated to the Hamiltonian Hˆ = g
(
aˆ†(−1)nˆ + (−1)nˆaˆ). As
a result, these effects can be emulated classically in deformed Glauber-Fock lattices.
We begin by introducing the Wigner function for an arbitrary pure state |ψ at a complex
phase-space point α = x+ iy [34–36]
W (α) = 〈ψ|Dˆ(2α)(−1)nˆ|ψ〉, (17)
where we have dropped the trivial factor pi/2. It is worth noting that this representation of
the Wigner function has been thoroughly used for the reconstruction of vibrational motion
of ion systems [37] as well as to retrieve quantized optical fields [38]. Using Eq. (17) one
can show that the Wigner function of pure Fock states, |ψ〉 = |k〉, is given by [4, 36]
W (α) = (−1)k exp (−2|α|2)Lk (4|α|2) . (18)
with Lk (4|α|2) representing the Laguerre polynomials of order k. Correspondingly for a
coherent state |β〉 we obtain
W (α) = exp
(−2|β − α|2) . (19)
For illustrative purposes in Fig.(4) we present Wigner functions for the vacuum and the first
three Fock states. We now turn our attention to the evolution operator of our deformed
Glauber-Fock lattices Eq. (11) acting over the initial state |k〉, and monitoring the light
dynamics along the same waveguide
〈k|U(z)|k〉 = 1
2
[
〈k|Dˆ (gz) |k〉+ 〈k|Dˆ† (gz) |k〉
]
− i
2
(−1)k
[
〈k|Dˆ (gz) |k〉 − 〈k|Dˆ† (gz) |k〉
]
. (20)
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FIG. 4: Wigner functions for (a) the vacuum state |0〉, (b) the first |1〉, (c) the second |2〉, and (d)
the third |3〉 Fock states. For a coherent state the Wigner function is the same as for the vacuum
state (a), but displaced to any of the quadrants of the phase space.
A direct calculation reveals that the expectation value 〈k|Dˆ (gz) |k〉 = 〈k|Dˆ† (gz) |k〉, and as
a result, Eq. (20) becomes
〈k|U(z)|k〉 = exp
(
−(gz)
2
2
)
Lk
(
(gz)2
)
. (21)
This indicates that injecting light into channel |k〉 of a deformed Glauber-Fock lattice and
monitoring the field evolution along the same waveguide we emulate the Wigner function
of the ”number state” |k〉 including the phase. Comparing Eq. (18) and Eq. (21) we see
that the only difference is the factor (−1)k. As a consequence, Eq. (21) describes Wigner
functions of even number states, while for odd number states it has to be multiplied by -1.
Fig. (5) depicts the light evolution along the 0-th, first, second, and third waveguides when
these same wavegides are initially excited. These plots correspond to one line of the Wigner
functions for the vacuum and the first three Fock states.
V. CONCLUSION
We demonstrate that superpositions of coherent and displaced Fock states, also referred to
as generalized Schro¨dinger cats, can be created by application of a nonlinear displacement
operator- a deformed version of the Glauber displacement operator. Consequently, such
generalized cat states can be formally considered as nonlinear coherent states. We then
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FIG. 5: Light evolution along the first four waveguides of a deformed Glauber-Fock lattice with
160 waveguides and g = 1. In (a) the field amplitude along the 0-th waveguide reproduces part
of the Wigner function corresponding to the vacuum state. Similarly, in (b), (c), and (d) we
depict sections of the Wigner functions corresponding to the first, second, and third Fock state,
respectively. In all the cases the initial field amplutude is unitary and the propagation distance is
given in centimeters.
show that Glauber-Fock photonic lattices endowed with alternating positive and negative
coupling coefficients give rise to classical analogs of such cat states. In addition, it is pointed
out that the analytic propagator of these deformed Glauber-Fock arrays explicitly contains
the Wigner operator opening the possibility to observe Wigner functions of the quantum
harmonic oscillator in the classical domain.
VI. APPENDIX
In order to compute the Green function of the Glauber Fock lattice we start from the
evolution operator Eq. (11)
U(z) = exp(−igz[aˆ†(−1)nˆ + (−1)nˆaˆ]). (22)
This operator can be easily disentangled as follows
U(z) = exp
(
−(gz)
2
2
)
exp
(−igzaˆ†(−1)nˆ) exp (−igz(−1)nˆaˆ) . (23)
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Developing the exponentials in even and odd terms we obtain
U(z) = exp
(
−(gz)
2
2
)[∑
k
(−igz)2k
(2k)!
(aˆ†(−1)nˆ)2k +
∑
k
(−igz)2k+1
(2k + 1)!
(aˆ†(−1)nˆ)2k+1
]
×
[∑
k
(−igZ)2k
(2k)!
((−1)nˆaˆ)2k +
∑
k
(−igz)2k+1
(2k + 1)!
((−1)nˆaˆ)2k+1
]
.
And using the identities
((−1)nˆaˆ)2k = (−1)kaˆ2k,
((−1)nˆaˆ)2k+1 = (−1)k(−1)nˆaˆ2k+1,
(aˆ†(−1)nˆ)2k = (−1)kaˆ†2k,
(aˆ†(−1)nˆ)2k+1 = (−1)kaˆ†2k+1(−1)nˆ,
we can write the evolution operator in terms of hyperbolic functions
U(z) = exp
(
−(gz)
2
2
)
[cosh
(
gzaˆ†
)− i sinh (gzaˆ†) (−1)nˆ]
× [cosh (gzaˆ)− i(−1)nˆ sinh(gzaˆ)].
Developing the hyperbolic function in terms of exponentials and noting that (1−i(−1)nˆ)(1+
i(−1)nˆ) = 2 and (1− i(−1)nˆ)2 = −2i(−1)nˆ, the evolution operator becomes
U(z) = exp
(
−(gz)
2
2
)[
exp
(
gzaˆ†
) 1− i(−1)nˆ
2
+ exp
(−gzaˆ†) 1 + i(−1)nˆ
2
]
[
1− i(−1)nˆ
2
exp (gzaˆ) +
1 + i(−1)nˆ
2
exp (−gzaˆ)
]
.
Rearranging terms and using the fact that (−1)nˆf(aˆ) = f(−aˆ)(−1)nˆ we obtain
U(z) = exp
(
−(gz)
2
2
)[
exp
(
gzaˆ†
)
exp (−gzaˆ) 1− i(−1)
nˆ
2
+ exp
(−gzaˆ†) exp (gzaˆ) 1 + i(−1)nˆ
2
]
. (24)
In the optical context of Glauber-Fock lattices the Green function describes the field am-
plitude at the m-th waveguide when the k-th site is excited and is given mathematically by
the expectation value Em(z) = 〈m|U(z)|k〉, with U(z) given in Eq. (24). Computation of
the Green function is easily done using the expansions
exp (−gzaˆ) (−1)nˆ|k = (−1)k
k∑
l=0
(−gz)l
l!
√
k!
(k − l)! |k − l, for l ≤ k
13
and
〈m| exp (gzaˆ†) = m∑
n=0
(gz)n
n!
√
m!
(m− n)!〈m− n|, for n ≤ m
which altogether give
〈m| exp (gzaˆ†) exp (−gzaˆ) (−1)nˆ|k〉 = (−1)k m,k∑
n,l=0
(gz)n+l(−1)l
n!l!
√
m!k!
(m− n)!(k − l)!δm−n,k−l.
(25)
By considering n = m+ l − k we obtain
〈m| exp (gzaˆ†) exp (−gzaˆ) (−1)nˆ|k〉 = (−1)k k∑
l=0
(gz)2l+m−k(−1)l√m!k!
l!(m+ l − k)!(k − l)! . (26)
Now, assuming m = k + s yields
〈k + s| exp (gzaˆ†) exp (−gzaˆ) (−1)nˆ|k〉 = (−1)k (gz)s√ k!
(k + s)!
k∑
l=0
((gz)2)
l
(−1)l(k + s)!
l!(s+ l)!(k − l)! .
(27)
From this expression we recognize the associated Laguerre polynomials
Lsk
(
(gz)2
)
=
k∑
l=0
((gz)2)
l
(−1)l(k + s)!
l!(s+ l)!(k − l)! . (28)
Thus, Eq. (27) becomes
〈k + s| exp (gzaˆ†) exp (−gzaˆ) (−1)nˆ|k〉 = (−1)k (gz)s√ k!
(k + s)!
Lsk
(
(gz)2
)
(29)
which for s = m− k
〈m| exp (gzaˆ†) exp (−gzaˆ) (−1)nˆ|k〉 = (−1)k (gz)m−k√ k!
m!
Lm−kk
(
(gz)2
)
(30)
This last expression is valid for all the waveguides m ≥ k. Returning to Eq. (25), considering
l = n+ k −m, then m = k − s, and assuming s = k −m we obtain
〈m| exp (gzaˆ†) exp (−gzaˆ) (−1)nˆ|k〉 = (−1)k (−gz)k−m√m!
k!
Lk−mm
(
(gz)2
)
(31)
which is valid for all the waveguides m ≤ k. In the same fashion we can obtain the other
terms in the Green function, which for the sake of clarity are summarized here
〈m| exp (−gzaˆ†) exp (gzaˆ) (−1)nˆ|k〉 = (−1)k (−gZ)m−k√ k!
m!
Lm−kk
(
(gz)2
)
, m ≥ k (32)
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〈m| exp (−gzaˆ†) exp (gzaˆ) (−1)nˆ|k〉 = (−1)k (gz)k−m√m!
k!
Lk−mm
(
(gz)2
)
, m ≤ k (33)
〈m| exp (−gzaˆ†) exp (gzaˆ) |k〉 = (−gz)m−k√ k!
m!
Lm−kk
(
(gz)2
)
, m ≥ k (34)
〈m| exp (−gzaˆ†) exp (gzaˆ) |k〉 = (gz)k−m√m!
k!
Lk−mm
(
(gz)2
)
, m ≤ k (35)
〈m| exp (gzaˆ†) exp (−gzaˆ) |k〉 = (gz)m−k√ k!
m!
Lm−kk
(
(gz)2
)
, m ≥ k (36)
〈m| exp (gzaˆ†) exp (−gzaˆ) |k〉 = (−gz)k−m√m!
k!
Lk−mm
(
(gz)2
)
, m ≤ k (37)
Finally, using these expressions we obtain the Green function given in Eq. (12) and Eq.
(13).
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